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1 Ma tuyén tinh

1.1 Ma tran
1.1.1 Dinh nghia vé ma tran

Dinh nghia 1.1. Méi bang A v6i m hang, n cot ¢6 dang

ail a2 aln
A= a21 as2 a2n
aml1 Am2 ..« Qmn

trong d6 a;; € R dugdc goi la mot ma tran ¢ m x n. Ta ki hieu ngin gon 1& A = [a;;]mxn-

e Néum =1, ta goi A la mot véc-to hang. Néu n = 1, ta goi A 1a mot véc-ta cot. Néu m = n, ta goi A 1& mot ma
tran vuong cd n.

e V6i mbi i = 1,2,...,m, véc-to hang (a;1, a;a, ..., ain) := [ai1, @ia, ..., ain] duge goi 1a hang thi ¢ cia A. V6i moi

aij

j=1,2,...,n, véc-tad cot dugc goi 1a cot thit j ctia A. Gia tri a;; duge goi la phan t thi (i, j) cta A.

amj

1.1.2 Cac phép toan cg ban trén ma tran

ai1 A1n b11 bln

ChoA=| .. ... .. | =lajlmxnvaB=
Am1 - Amn bml bmn

= [bij]mxn 1a hai ma trén ciing c3. Ta dinh nghia cac

phép toan véi ma tran sau day

e Ma tran chuyén vi cia A la ma tran cG n x m

ai1 agy ... aml
AT — azy Q22 ... Qam2
A1pn  A2n ... OGmn
ai
Néi cach khac, ta ddi vai tro clia cac hang va cac cot cia A. Hay ta c6 thé viét mdi véc-to cot thanh céac
an

véc-to hang (ay, ..., a,)7.

e Téng clia hai ma tran A va B 13 ma tran

air +bur .. an b1,
A+ B= = [aij erij]mxn

am1 + bml e G+ bmn

No6i cach khac, ta cong timg phan ti ciia A va B theo ting toa do.
e V6i mdi vo huéng A € R, ta c6 thé nhan )\ véi A.

)\CLH /\aln
AN = = [Aijlmxn
Al e Amn

N6i cach khac, ta nhan A vé6i titng phan ti clia A.



Cho hai ma tran A = [a;j]mxn, B = [bijlnxp. Tich AB ctia hai ma tran trén la ma tran m x p AB = [¢;j]mxp VOi

n
Cij = ) @isbsj
s=1

a b c| |z t ar +by+cz at+bu+cv
Vidu: |d e f| |y u| =|de+ey+ fz dt+eu+ fo
g h ||z v gr+ hy +1z gt + hu+iv

Phép nhan ma tran théa man cac tinh chét sau:
e Két hop: V6i moi A € My, xn(R), B € Myxp(R) va C € Mpyy,(R), ta c6

(AB)C = A(BC)

e Phan phdi hai phia v6i phép cong: v6i moi A, Ay, Ay € My, xn(R) va B, By, Bs € M, x,(R)
A(By + By) = ABy + AB,
(A1 + A3)B = A1B + A,B

e Tuong thich véi phép nhan vo hudng: véi moi A € My, xn(R), B € Mpxp(R) VA XE R

AAB) = (\A)B = A(\B)

1.2 Ma tuyén tinh
1.2.1 Truong va khéong gian véc-to
Dinh nghia 1.2. Truong F 13 mot tap hop dude trang bi 2 phép toan + va . théa man cac tinh chit sau
e (F,+) la nhom abel v6i phan tif trung hoa 0.
e (F,.) la nhém abel véi phan tit trung hoa 1.
e Phép cong va phép nhan cé tinh phan phéi.
Vi du:
e Tap F, gom cac phan t 0,1,...,p — 1 v6i p nguyén t6. Phép cong va phép nhan tinh theo modulo p.

(a+b)c=ab+bc modp

e Tap sb thuyc R va tap sd phiic C la trudng véi phép nhan va phép cong théng thusng.

Dinh nghia 1.3. M6t khong gian véc-to V trén truong F 14 mot tap hgp ciing v6i hai phép cong véc to va phép nhan
vo hudng théa méan

e (V,+) la nhém abel
e Tinh phan phéi: V6i moi z,y € V va A\, u € F, ta c6

e 1z =z v6i 1 14 phan t& don vi ctia F
Vidu 1.4. e Moi trudng déu 1a khong gian véc-to trén chinh né
e Vanh da thic F[X] la khong gian véc-t6 véi phép cong da thitc va phép nhan da thitc véi vo hudng
e Cho V, W la hai khong gian véc-to. Tich Descartes V' x W ctia V va W 1a khong gian véc-t véi phép toan
(@,2") + (v,9) = (x + 2",y +¥)
Mz, z") = Az, A\x')



e F" 13 khong gian véc-td dat duge bang cach 1ay tich tric tiép clia n khong gian véc-to F. Cac phan tit ctia F™ c¢6
thé xem nhu mot mang n phan ti

Cho trudng F. Ki hieu F,, 1& tap cac véc-t6 gdm n phan t thuoc F, véi phép toidn cong véc-tc va nhan vo hudng.

Dinh nghia 1.5. Cho tap k véc-té doc lap tuyén tinh thuoc F,,, khong gian véc-t6 con cia IF,, 13 tap cac véc-td c6
thé viét thanh t6 hgp tuyén tinh clia k véc-to trén.

e S6 k dugc goi la s6 chidu clia khong gian véc-td con.

e Tap k véc-to trén dudgc goi 1a co sé clia khong gian véc-to con.

1.2.2 Ma tuyén tinh

Dinh nghia 1.6. Cho F, 1a mot trudong hitu han. Mot mé (n, k) tuyén tinh C' 1a mot khong gian véc-to con k chiéu
cua F". Cac véc-to thude C dugce goi 1a tit ma.

Vi du 1.7. e Khi C' =", tit ca véc-td n chidu déu 1a tit ma cta C.

e Tap cac véc-to c6 do dai n va tAt ci cac phan tit déu bing nhau tao thanh mot ma (n, 1) tuyén tinh. MAa nay
duge goi la ma lap lai.

Dinh nghia 1.8. Mot ma tran sinh ctia ma (n, k) tuyén tinh C' la mot ma tran k& x n G sao cho céc hang ciia G tao
thanh mot co sG cua C.

Vi du 1.9. Ma tran dudi day 1a ma tran sinh ctia mot ma (5, 3) tuyén tinh.
01 0 0 0
G=1]1 1 1 0 1
1 0 1 10
Dinh nghia 1.10. Cho mé (n,k) tuyén tinh C. Mot ma tran diéu kién ctia C' 1a mot ma tran (n — k) x n H thoéa

man:
H-m"=0VYmecC.

Vi du 1.11. Cho ma (5,3) tuyén tinh v6i ma tran sinh

01 0 0 O
G=1]1 1 1 0 1
10 1 1 0f
Mot ma tran diéu kién cia méa trén 1a
gl 010 0]
0 0 1 1 1|°

Dinh nghia 1.12. Cho mot ma (n, k) tuyén tinh C. Ta dinh nghia ma déi ngau C* ctia C' nhu sau
Ct={ceF"|em=0YmeC}
Ta dé dang thay ma tran sinh ctia C 13 ma tran diéu kien ctia C*+ va nguge lai.

Vi du 1.13. Ma déi ngdu ctia ma (5,3) tuyén tinh trong vi du trén la ma (5,2) tuyén tinh v6i ma tran sinh va ma
tran diéu kién nhu sau

10100
G_[00111}'
0100 0
H=1[1 110 1
10110



2 Ma Hamming

2.1 Dinh nghia va tinh chat
2.1.1 Trong sb

Dinh nghia 2.1. Cho ma (n, k) tuyén tinh C. Véi m € C ta dinh nghia trong s6 ctia m 1a s6 ki ty khac 0 ctia m, ki
higu 1a wt(m). Trong s6 clia C' la s6 nhé nhat khac 0 trong céc trong sb ctia m € C.

Vi du 2.2. e Véc-to x =10,1,0,1,1,0,0] c6 trong sd wit(z) la 3.

e Cho ma tuyén tinh gom 4 tit ma {(0,1,0), (0,0, 1),(0,1,1),(0,0,0)}. Trong s6 cia ma nay la 1.

2.1.2 Khoang cach Hamming

Dinh nghia 2.3. Cho m,m’ € F". Khi d6, khodng cach Hamming gita m va m’ 1a
d(m,m’) = wt(m —m’).

Tinh chat 1. Cho ma (n, k) tuyén tinh C. Khi dé:

wt(C) = min d(m,m’) = min wt(m).
m,m’eC,m#m/’ meC

Khoang cach Hamming thod man bat ding thitc tam gidc
d(m,m’) +d(m’',m") > d(m,m").
Ta ¢6 cach phét hién 161 va stta 16i v6i C nhu sau: cho z € F™,
e Ta phat hien z ¢6 16i néu 0 < d(z,m) < d ¥Ym € C.

e Ta sita dugc 16i doi v6i z néu nhu ton tai mg € C sao cho d(z, mg) < g.

2.1.3 Dinh nghia ma Hamming

Dinh nghia 2.4. Chom > 2 va n = 2™ — 1. Ta xay dung ma tran m x n H,, 2 c6 cac cot khac 0 va doi mot khac
nhau. M4 tuyén tinh nhi phan ¢6 ma tran diéu kien H,, » goi 1a ma Hamming, ki hi¢u 1a Ham(2™ — 1,2™ —m — 1).
Cac cot ctia H 1a biéu dién nhi phan ciia cac sb nguyén tit 1 dén 2™ — 1.

Vi du 2.5. Ma Ham(7,4) ¢6 ma tran diéu kién

0 001 111
H=]0 1 1 0 0 1 1
1 01 01 01

2.1.4 Trong cuc tiéu ciia ma Hamming
Goi d; 1 cac tit ma c6 do dai n = 2™ — 1 ¢6 vi trf khac 0 duy nhéat 13 4, d;; 1a cac tit ma c6 do dai n khac 0 tai ¢ va j.
e Néu Ham(2™ —1,2™ —m — 1) ¢6 trong cyc tiéu bang 1, ton tai d; sao cho Hd! = 0. Diéu nay tuong duong véi
H c6 cot bang 0.
e Néu Ham(2™ —1,2™ —m —1) ¢6 trong cyc tiéu béng 2, ton tai d;; sao cho Hd}; = 0. Diéu nay tuong duong véi
H c6 2 cot bing nhau.
Vay Ham(2™ — 1,2™ —m — 1) ¢6 trong cyc tiéu 16n hon 2.
Xét 3 s6 tu nhién a, b, ¢ nhé hon n sao cho a + b = ¢. Céc véc-to 1a biéu dién nhi phan cta a, b, c 1a cot cia H, gia si

la cot thi p, g, r. Tt ma c6 vi tri p, ¢, r khac 0 thuoe Ham(2™ — 1,2™ —m — 1), do d6 Ham(2™ — 1,2™ —m — 1) ¢6
trong bing 3.

Hé qua 2.6. Ma Hamming (nhi phan) 14 mot ma (2™ — 1,2™ —m — 1,3). Nhu vay, ma Hamming c6 thé phat hien
t6i da 2 16i va stta t6i da 1 16i.



2.2 Giai ma
2.2.1 Ma hoéa

Dinh nghia 2.7. Xét ma (n, k,d) ¢6 ma tran sinh G va ma tran diéu kien H. Ta ma hoa mot thong diep = € F* béi
dnh xa ¢ — ¢ = 2G.

Vi du 2.8. Xét ma c¢6 ma tran sinh

Q

I
=llelolall
eNeNel =
OO = OO
O = O OO
_ o o oo
i e e )
O - = = O

e Moi thong diép x = x1x2z32425 duge ma hoa thanh
¢ = x109x32425(x2 + T3 + T4 + x5) (T2 + T3 + 24).

Xét ma c6 he thong v6i ma tran sinh G = [I|A], nhan thong diép x vA ma héa thanh ¢ = xG. Ta c6 thé thay k
phan t& dau tién cla ¢ chinh 1 z. Do dé ta chi can tinh n — k phan tit con lai thay vi nhan ma tran =G.
2.2.2 Giai ma hop 1y cuc dai

DPinh nghia 2.9. Khi nhan dugc véc-td y = = + e, ta tim trong ¢"™ véc-td z thudéc ma C' cé khoang cach Hamming
v6i y nhé nhat
= ind .
z = argmin d(z, y)

e Néu c6 khong qué ¢t = [951] 151 trong qua trinh truyén tin, cdch gidi ma trén trd vé duy nhat véc-to .
Chitng minh: Kf hiéu Si(c) 1a tap céc véc-to (khong nhat thiét thuoc C) c6 khodng cach téi ¢ khong qué t. Cho
c1,c0 € O, ta c6 Si(c1) va Sy(ce) khong giao nhau. Véc-to nhan duge thuoe Sy(x), do d6 khong ton tai véc-to
khac x ¢6 khoang cach véi y nho hon t.

e Néu c6 khong qua d — 1 151, ta c¢6 thé phéat hién c6 161 nhung chua chic gidi mé dugc.

2.2.3 Giai ma syndrome

Giai ma hop I cye dai thyc hign béng céch tinh khodng céch ctia ¢" véc-to trong C, sé gap kh6 khan khi |C| 16n.
Phuong phap giai ma syndrome gitap tim véc-to 161 hiéu qua hon.

Nhan xét 1. Néu ta nhan dudc véc-to y =z + e véi x € C thi
Hy? = Ha' + He? = He™.

o Ilépkédciay e F*latap y+C = {y+c | ce€ C}. Véc-to c6 trong nhd nhit trong 16p ké goi 1a phan it dan clia
16p ke, dat la e.

Goi syndrome ciia y la véc-to syn(y) = HyT € F*~*. Céac phan tit cing thuoc 16p ké c6 cling syndrome.

Néu F ¢6 ¢ phan ti&, khi d6 ta sé c6 ¢"* 16p ké tuong ing v6i ¢"* syndrome.

e Gidi ma syndrome: véi méi 16p ké cia C, ta tinh trudc phan ti dan va syndrome tng véi 16p d6. Khi nhan duge
y, ta tinh syn(y) va so sanh véi syndrome da duge tinh trude.

Vi du 2.10. Xét méa nhi phan C' ¢6
1 01
G_[O 0 J,H_[l 1]

e Syndrome 1 iing vé6i phan ti dan [1,0,0], [0,1,0], [0,0,1], syndrome 0 ting véi [0, 0, 0].



Vi du 2.11. Cho ma Hamming (7,4) v6i ma tran diéu kien H va ma tran sinh G nhu sau

O = =

1
1| G=
1

=

Il
—_— O O
o = O
— = O
o O =
— O
O = OO
_ o oo
= = O
=
— O = =

1 0
0 1
0 0
0 0

e Cho thong dieép ban dau z = [0, 1, 1,0]. Véc-to ¢ sau khi ma héa la: ¢ = 2G = [0,1,1,0,0,1,1].

e Tinh chit: Ddi v6i mad Hamming, phan t& dan ciia né sé la cic véc-té c6 duy nhat 1 phan t& bing 1. Tinh
syndrome tuong ting bang cach lay H nhan véi chuyén vi ctia mbi phan tit dan.

e Gid st trong qué trinh truyén tin ki tu tai vi trf thit 3 bi thay déi. — ¢/ = [0,1,0,0,0,1,1]. Ki tu tai vi tri thi
3 bi thay déi syn(c’) = [0,1,1] tuong ng v6i phan tit dan 1a [0,0,1,0,0,0,0]. D6 chinh 1a véc-td e nhiéu trong
qué trinh chuyén.

3 Ma Reed-Muller

3.1 Dinh nghia ma Reed-Muller theo da thiic Bool
3.1.1 Ham Bool
Dinh nghia 3.1. Ham Bool 1a 1 4nh xa tut F5* — Fa:

(0, X1y ooy Typ—1) — @

e Vi du: Bang chan tri biéu dién ham Bool f : F2 — Fy

2|0 1 0 1
2110 0 1 1
Flo 1T 1 0

e Bién x; c6 thé xem nhu mot ham Bool véi véc-ta bicu dién 13 hang tng véi bién x; trong bang chan tri

Dinh nghia 3.2. Téng logic f + g va tich logic fg ctia 2 ham Bool f, g 1a 1 4nh xa FJ* x F5* — FJ* lan lugt 1a phép
cong va nhan timg phan ti tuong tng clia f va g trén trudng Fy

e Vidu: 011010 + 101010 = 110000; 011010.101010 = 001010
Tinh chat 2.
e Phép toan téng logic 1a phép toan xor, phép toan tich logic 1a phép toan and.
e Phép phit dinh: f = f+1, phépor: forg=f+ g+ fg
e Tinh chat quan trong: ff = f

3.1.2 Da thuc Bool

Dinh nghia 3.3. Don thitc Bool 1a tich ctia 1 s6 lugng z; nhat dinh c6 dang: H x; v6i I € {0,1,...,m — 1}
i€l

e |I| 1a bac cta don thic
Dinh nghia 3.4. Da thic Bool 1 téng Logic ctia cac don thic Bool.

e Bac clia da thitc Bool dugc tinh bing bac cao nhat ctia don thiic Bool.



Tinh chit 3. V6i ham Bool f bét ki,

f(xoa "'axt) = f(x()?xl? e 73315—170) + (f(anxlv U 7xt—170) =+ .f(x()axla o Tt—1, 1))‘1:75

Chitng minh. Ta c6 x; chi c6 thé nhan dugc gia tri 1 hodc 0. Néu z; = 0, ta c6 VT = f(xg, 1, ,2_1,0) = VP.

Cbnnéuxt =1thiVT = f(x()vxla"' ;xt—la]-) = 2f(1'0,$1,"' ,xt_1,0)+f(x0,x1,'~ ,:Et—lv]-) = f(x()vxla"' ;xt—1>0)+
(f(xovf'rl)"' 7$t7170) +f(x07x17“' 7xt7171)) = VP

Két luan lai, ta thu duge

f(lUO, "'amt) = f(x()w%.lv e uxtflvo) + (f(x(hxh e 7xt7170) + f(an‘rh s, Tp—1, 1))$t

Tinh chit 4. Moi haim Bool 1& mot da thitc Bool

Chaing minh. Ta chiing minh theo nguyén 1y quy nap. Véi ¢t = 0, Theo tinh chat 2 thi f(zg) = f(0) + (f(0) + f(1))xo
la mot da thic Bool

Gia sit khéng dinh ding dén t = k hay f(xo, 21, ,2)) 1A mot da thitc Bool. Ta ching minh f(zg, 21, -+ ,Tgr1) cing
1a da thtc Bool

Theo tinh chat 2

f(.'L'(), .-.,CL‘k;+1) = f(w()wrh o amkao) + (f(.’l?o,ZCl, e 7$k70) + f(x()axh oy Tk 1))$k+1

Ta c6 f(xg,x1, - ,2k,0) = g(xo,z1, - ,2) 1& mdot ham Bool hay né la mot da thic Bool, f(xzg,x1,: - ,xk,0) +
flzo,z1,- -+, zk, 1) = h(zg, 21, - ,x) 14 mot ham Bool hay n6 1la mot da thic Bool.
Vay f(xo, ..., Tx+1) cing la mot da thitec Bool O

Ta c6 thé xem tit ma 1 mot da thite duge tao tit cac don thitc trong ma tran sinh véi hé s6 ciia thong diep
Dinh nghia 3.5. Ma Reed-Muller R(r,m) la tap hdp tat ca cac tit ma do dai 2™ c6 bidu dién dudi dang da thiic
Bool bac <.

3.2 Dinh nghia ma Reed-Muller dé quy va ma héa

Dinh nghia 3.6. Ma Reed-Muller R(r,m) c¢6 do dai 2™ dugc dinh nghia dé quy qua R(r,m — 1) va R(r — 1,m — 1)
nhu sau:
{(vJlu+v) véiue R(r,m—1)vave R(r—1,m—1)}

Dinh nghia 3.7. M4 héa sé duge thyc hién bing cach nhan ma tran sinh. Ma tran sinh cta R(r,m) cing dugc tinh
tit ma tran sinh ctia 2 ma R(r,m — 1) va R(r — 1, m — 1) nhu sau:

G(r,m—-1) G(r,m—1)

Glrm)=1""", Glr—1,m—1)
Vi du 3.8. Vidy, ma R(1,2) ¢6 ma tran sinh la:
1 1 1 1 1
G = To| = 01 0 1
1 0 0 11

O day, thong diép s = 011 duge ma hoa thanh xg + x1
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3.3 Tinh chéit cia ma Reed-Muller
e S0 chiéu k cia ma Reed-Muller R(r,m) 1a 37 (%)

i
Chatng minh. Do ma Reed-Muller 13 tap hop cidc ham Bool c6 bac nhé hon hosic bing r, khi ta 4p dung tinh chat
ff = f cia da thiic Bool, ta thay 1 tit ma Reed-Muller sé c6 dang tdng clia nhé hon hodc bing r don thitc Bool (hién

£ . N 2 n e ~ . ~ P S o X 2 ~ ~ N
nhién doc lap tuyén tinh v6i nhau). Ma c6 ( ) don thiic Bool bac i, nén ¢6 s6 chiéu ctia tit ma 1a -7 (7) O
i

i

e Trong s6 ctia R(r,m) 14 2™~" va vi vay R(r,m) sita duge 2™~ "=t — 1

Chatng minh. Quy nap qua tinh chét
wt(R(r,m)) = min{2wt(R(r,m — 1)), wt(R(r — 1,m — 1)) }.

k T
e Tilé thong tin: R = om (m 2-m(=H2(0)) khi r << m)

2 d 2mr
Khoang cach tuong doi: §d = — = 5
n m

Vi du 3.9. Ti cic tinh chét trén, ta c6 mot s6 ma Reed-Muller thudng gip:

=927 T

e Ma R(0,m) la cdc ma lap do dai 2™

e Ma R(1,m) la ma (2™, m + 1)-tuyén tinh

e Ma R(1,4) lama (16,5, 3)-tuyén tinh va ma R(1,5) 1a ma (32,6, 7)-tuyén tinh (dugc NASA st dung trong truyén
cac pixel trong khong gian tit 1969 dén 1977)

MBbi Pixel anh sé dugc quy wéc bang ma nhi phan do dai 6 nén sé c6 20 trang thai mau sic tit shade 0 dén shade
63

Khi chua st dung ma Reed-Muller, véi xap xi 24 % bi 16i, hinh dnh gti vé tit sao hda clia thu Mariner 3 truyén vé
Trai Dat "chi"mét 8 tiéng nam 1964 trudc va sau khi qua loc nhiéu:
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Thit thach duge dat ra khi can chup tam anh to gap 3 nam 1964 v6i do hieu qua hon, ma tu sita sai RM(1,5) da dugc
NASA stt dung khi c6 thé ty sita 7 16i/32 ki tu, tiem can dugc phan tram trung binh bi sai khi truyén tit sao héa vé
Trai Dat

64 Shades of Martian Grey - Computerphile

> M o) 538/928

e Ma R(m — 2,m) chinh 14 ma md rong clia ma Hamming do dai 2™

Ma tran diéu kién ctia R(m — 2,m):

1 1 1 1 1 1 1 1 1

1 0 1 1 0 1 0 1
H=|z|=|0 0 1 1 0 0 1 1
Ty o 0 0 0 .. 1 1 1 1

Cong hang 1 vao tat ca cac hang dudi roi chuyén xudng vi tri hang cudi cling ta c6 ma tran diéu kién ctia ma Hamminng
& phan tu bén trén clia bén trai.

1 0 1 0 1 0 1]0
1 1 0 0 1 1 00
1 1 1 1 0.0 00
I 1 1 1 I 1 11

3.4 Tinh chit hinh hoc va mébi lién hé v6i ma Reed-Muller

Dinh nghia 3.10. Cho 1 trudng K bat ki, 1 r-phéng 1a 1 tap con ctia K™ v6i (n > r) ¢6 dang a + V v6i a € K™ va
VCcK"

Nhan xét 2. Khi K = Fy = {0, 1}, mdi r-phang déu c6 2" diém
Vi du 3.11. Vidy, véi {0,1}3, ta cé:

e C6 23 1a 8 0-phang (cac diém) tuong tng véi py = 000, p; = 001, ....,pg = 110, p; = 111.
X N N « 2 P N 2 8 2 N _, P
e Do modi dudng dugce tao tir 2 diem bat ki, ¢6 5 1-phang (dudng) tuong tng véi pg + tp1,p2 + tps, ...

e 2-phéng sé dugc hinh thanh bing cach thém 1 vector ps vao cd sé cla 1-phéng, ching han nhu pg + tp; sé trd
thanh po + t1p1 + tope, gom 4 phan tit 1a {po, p1,Po+2, P142}-
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Dinh nghia 3.12. Véi moi # € F}, Ham chi thi clia 1 r-phang 1
lnéuzel,
fr(@) = {0 néux ¢ L
N6i mot cach dé hiéu hon, fr = fr_1...fo ma & dé:
b= {1 néu p; € L,
" |Onéup; ¢L
Khi d6, chi khi tat ci cac vi tri déu tring véi cac vi tri 1 véc t6 x ndo d6 thuoc L thi f, méi la 1.

Mat khéc, ta lai c6 cac dinh nghia r-phing dua trén ma tran diéu kien.

Dinh nghia 3.13. Xét khong gian con V,
V = {z|Hz" =0}

Khi d6, r-phing L = a + V dugc dinh nghia béi ¢’ = H.a” va H:
{z|H.aT =)

Tur dinh nghia nay, ta dé dang suy ra dudc bé dé sau:

B& dé 3.14. Ham chi thi cta 1 r-phéng bat ki 1a 1 da thic Bool véi bac m — r
Chitng minh. Xét dong H; nhan vé6i 27, véi ¢; 1a hang thi i ciia ¢, ta co:
hiix1 + oo + R = ¢
Tt d6 dé thay, hang chi thi clia vi tri thit i c6 dang:
fi=hpri+ ...+ himTm + ¢+ 1

Va theo dinh nghia, ta chi ra dugc

m—-r

fL(l‘> = H (hﬂxl + oo+ T, + ¢ + 1)

i=1
1& ham chi thi ctia L v6i bac la m —r (do ¢ ¢6 m — r hang) O
Tt tinh chat trén, ta lién he t6i ma Reed-Muller qua 2 tinh chét:
Tinh chat 5. Cac phan tit trong R(r,m) la t6 hgp tuyén tinh ciia ham chi thi cdc s-phéng v6i s > m —r

Chitng minh. Ta sé chi ra ring cAc ham chi thi clia cac s-phang v6i s > m — r ¢6 chita 1 cd s§ ctia R(r,m), hay no6i
cac khac 1a chita cac don thic Bool

Mit khéc, cac don thiic Bool ¢6 dang f(x) = x;, wia...7;, lai tuong duong véi céc (m-k)-phang {z|r;, = 24, = ... =
x;, = 1}. Ma khi ta nhan 2 don thic Bool fr, va frr 1a ham chi thi clia 2 phéng L va L’ bat ki thi ta sé nhan dugc
ham chi thi cia L N L’ 14 1 s-phang nao dé. Vi vay, ta cé diéu phai chiing minh. O

Tinh chat 6. Moi (r + 1)-phing déu thuoc ma déi ngau ciia R(r, m)

Chitng minh. Cho L 1 1 khong gian con ctia F™. Ma déi ngdu clia L 13 tap hdp tat ca cac vector vuong goéc véi moi
vector thudc L, duge ki hisu 1a L, tic 1a:

{a.b =0 v6i moi b € L}
Xét ma tran sinh ctia L 14 G, vé6i c € L, ta c6 ¢ = 2G. Do 0 = em! = zGm! nén Gm! = 0, nén ma tran diéu kien
ctia ma dbi ngdu cia L 1a ma tran sinh ciia L. Do d6 L+ 1a ma R(m —r — 1,m) (B6 dé[3.14)), ta c6 diéu phai ching
minh. O
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Vi du 3.15. Xét ma R(1,3), co:

2-phing Ham chi thi  Da thiic Bool

{p1.p3,p5,pr} 10101010 o
{p2,p3,p6,p7} 11001100 I
{p4,p5,06,p7} 11110000 T
{po,p2,ps,ps} 01010101 1+ 20
{po,pr,pa,p5} 00110011 142,
{po, p1,p2,p3} 00001111 1+ 2o
{p1,p2,p5,p6} 01100110 To + T
{p1,p3,pa,pe} 01011010 2o + o
{p23p3ap4ap5} 00111100 1+ 2o
{p1,p2,ps,p7} 10010110 To + 71 + T2
{po,p3,pa,pz} 10011001 1+ 20 + 21
{po,p2,ps5,p7} 10100101 1+ 21 + xo
{po,pi1,ps,p7} 11000011 14 21 + X9

{po,ps,ps.p6} 01101001 1+ zo+ 21 + 2

3.5 Giai ma Reed-Muller

3.5.1 Cac tinh chat hinh hoc sit dung trong giai ma

Tinh chat 7. Mbi s-phing L dugc chita trong ding 2~ — 1 (s+1)-phing

Chitng minh. Xét L = a +V v6i a € F3',dim(V) = s. Khi d6, néu L' = b+ V' la 1 (r+1)-phing chita L, ta cé:
a€ Ll =b+V' néna+v =bvéiv nio dé thuoec V. Khidé, L'’ =a+v' + V' =a+ V' dov'inV’'. Do d6, a = b
trong moi truong hgp.

L'=a+(V+ <y >)
L'"=a+ (V+ <u >)

Suy ra, cic (s+1)-phéng chita L sé tuong tng véi cac 16p ké khac 0 ctia F5*/V So s6 16p ké 1a 2™~ nén c6 tong cong
2m=% — 1 (s+1)-phang chita L O

Cho L/, L" 14 2 (s+1)-phéng chita L v6i: { Vivay, L’ = 1 sé tuong dudng véi viec vy —v{ € V.

Tinh chat 8. Mbi diém z ¢ L thi dugc chita trong ding 1 (s+1)-phing chia L

re€a+ (V+ <ug>)
re€a+ (V4 <u >)
up — u1 = vg — vy € V nén ug,u; thuoce ciing 16p ké, nén 2 (s+1)-phang (V+ < ug >) va (V+ < ug >) 1a 1. O

Ching minh. Gia s { nén x ¢6 dang a + vg + ug va a + vy + uy véi vg,v1 € V. T dob, ta c6

Tinh chit 9. Néu s6 16i nhé hon s6 161 t6i da c6 thé sita duge thi tinh chin 1é ctia 1 s-phéng bing phan dong tinh
chén 18 ciia cic (s+1)-phang chita n6 (s <7 — 1)

Do s6 16i trong (s+1)-phéng tdi da 1a 2™~" nhé hon mot nita clia 6 (s+1)-phéng chita L 1a 2™~% — 1, ma theo
dinh 1f 2 ta c6 cac 16i khong thudce L s& ndm & duy nhat 1 (s+1)-phéng chita L, nén s6 (s+1)-phéng khong chita 15i sé
16n hon s6 (s+1) phing chita 16i. Vi vay, tinh chin 18 clia s-phéng sé bing phan dong (chin hodc 1) ctia (s+1)-phéng.
3.5.2 M6 hinh giai ma

e Budc 1: Khi nhan dugc w, xac dinh tinh chin/1é ctia (r+1)-phang L.
Ta c6 cac vi tri clia L ¢6 chan 16i khi va chi khi w. fr, = 0 va ¢6 1é 16i khi va chi khi w.fr, =1

e Budc 2: V6i s = 7,7 — 1,...,0, ta xac dinh tinh chin/Ié clia s-phang L tit phan dong (s+1)-phing chita L
e Budc 3: Stta bit thit i ctia w khi v& chi khi O-phing ctia vi trf i 1a 1&.

Vi du 3.16. Cho méa R(1,3) v6i tit ma nhan duge 1a 11101010.
Budc 1: Xét tinh chin/1é ciia cdc 2-phang
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2-phing Ham chi thi Tinh chn/1é

{p1,ps,ps,p7} 10101010 chin
{p2,p3,p6,p7} 11001100 1é
{ps,p5, D6, p7} 11110000 16
{po;p2,pa,p6} 01010101 16
{po,pi, 1,05} 00110011 chén
{p07plap23p3} 00001111 ché&n
{p1,p2,P5,Pe} 01100110 16
{pi,p3,pa.ps} 01011010 16
{p2,p3,P4,p5} 00111100 chin
{p1,p2,pa,p7r} 10010110 chin
{po,p3,pa,pr} 10011001 chén
{po,p2.ps.p7} 10100101 16
{po.p1,p6,p7} 11000011 chén
{po,p3,ps, pe} 01101001 1é

Budc 2: Xac dinh tinh chiin 18 ctia cac 1-phing bang céch 1y phan dong

2-phing Tinh chin/1é | 2-phing Tinh chin/18
{po,p1} chén {p2,pa} chin
{po, P2} chén {p2,ps} chan
{po, p3} chén {p2, P6} 1é
{po,ps} chén {p2, 07} chin
{po, ps} chén {ps,pa} chén
{po, Pe} 1é {p3,ps} chan
{p07p7} chan {p3ap6} lé
{p1,p2} chén {ps,p7} chin
{p1,p3} chan {Pa,ps} chan
{p1,pa} chén {ps,Pe} 1é
{p1,p5} chén {pa,p7} chin
{p1,p6} chan {ps,pe} 1é
{p1,p7} chén {ps,p7} chin
{p2,p3} chan {pe, p7} le

Budc 3: Xac dinh tinh chin/1é ctia cac 0-phéng hay cac vi tri p;:

0-phidng Tinh chin 18

Po ch&n
1 chén
D2 ch&n
D3 chén
D4 ch&n
s chén
De lé

p7 ch&n

Vay, tit ma sai 6 vi tri pg, tit ma ding 1a 10101010 ting v6i biéu dién da thitc Bool 1a 1 + x4

4 Ma vong

4.1 Ma vong va tinh chat

4.1.1 BDinh nghia

Dinh nghia 4.1. Cho véc-to w = apay ... an—1 € Fy. Ta xét phép tinh tién vong tron nhu sau

. n n —
o:Fy — ]Fq,o(w) = Qp_10Q...0p_2.
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Vi du 4.2.
o(1001) = 1100

o(111001) = 111100

Dinh nghia 4.3. M3 tuyén tinh C dugc goi 1a ma vong néu véi moi w € C, ta c6 o(w) € C.

4.1.2 Tinh chat

Maéi t md w = agay ... a,_1 dudc gan v6i mot da thic
w(z) = ap + a1z + asz® + -+ an_12" L
Tinh chat 10. Cho tit ma g, da thitc ¢(z) sao cho deg(qg) < n, thi g(x)g(z) la tit ma.

Chiing minh. Phép tinh tién vong tron tuong duong véi viec nhan x v6i w(z) roi trit di a,—q (2" — 1):

x(ap + a1 4+ agx® + -+ ap_ 12" ) —ap_1 (2" — 1) = ap_1 + aor + a12® + -+ ap_ox™ L,

Do deg(qg) < n nén khi ta nhan g(z) v6i titng s6 hang trong g(z) thi ta sé c6 da thitc ¢(x)g(x) ing v6i tong cac tit
mi do d6 ¢(x)g(z) 1a mot tit ma. O
Tinh chat 11. Cho tit ma g, véi moi da thitc ¢(z) va g(x)g(x) = p(z)(z™ — 1) +r(z),deg(r) < n ta cé r(z) la tit ma.

Chitng minh.
1

o(w)(x) =apn—1+apz+- -+ an—220""" =zw(x) —ap_1(z" —1).

Khi ta nhan g(z) v6i titng s6 hang trong ¢(z), véi deg(qg) < n thi tinh chat ding nhu chitng minh & trén.

Véi deg(qg)>n thi da thiic du ctia g(z)g(z) khi chia cho 2™ — 1 ng v6i tdng ctia da thitc du ctia mdi tich g(x) véi mdi
s6 hang trong ¢(z) khi chia cho 2™ — 1 ( mdi da thic du & day 1a cdc ma vong nhd tinh chat vong)

Do d6 r(x) 1a tit ma. O
4.1.3 Ma tran sinh

G 1a ma tran sinh ctia ma vong (n, k) tuyén tinh C. Phép khit Gauss trén hang dua G vé dang:

Hang cudi ciing ¢6 k — 1 s6 0 dau tien tuong tng véi da thie:

ak_lxkfl N an_lxnfl _ xk_l(akfl N an_1$n7k) _ l‘kilg(l‘)
e Ta cé g,xg,2%g,...,2" 1g 1a mot he doc lap tuyén tinh (Ma vong), c6 k phan tit, do d6 tao thanh mot co sé.
e Néu deg(g) < n — k, ta them z¥g vao tap trén van tao thanh mot he doc lap tuyén tinh. Vay deg(g) =n — k

e Ta c6 thé tao mot ma tran sinh ti g nhu sau:

g(x) apg ar ... Qp_p 0 ... 0
. zg(z) _ O a'o a?,k .0 0
aF g (x) 0 0 ... 0 ay ... Gnp

Trong d6 g(x) = ag + -+ - + an_px" "% duge goi 1a da thiic sinh ciia C.
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Tinh chat 12. Moi tit ma thuoc C c6 thé viét dusi dang g(z)g(z).
Vi du 4.4. Ma Ham(7,4) 1a ma vong, v6i da thic sinh g(z) = 1+ z + 2° ¢6 ma tran sinh:
1101 0 0 0
- 01 1 01 00
|00 1 1 0 10
0 001101

Vi du 4.5. Ma ch&n 1é 1a ma vong, véi da thite sinh g(z) = 1 4+ 2 vA ma tran sinh sau:

1 1 0 ... 0

0 1 1 0
G:

o o0 ... 1 1

Tinh chéat 13. Da thiic sinh 1a uéc ciia 2", va moi uéc ciia 2™~ ! sinh ra mot méa vong do dai n.
Chiing minh. Gié st g(x) la da thitc sinh. Ta c6:

2" = g(@)g(x) + r(x), deg(r) < deglg)

Lay dong du mod ™! ca hai vé, ta co:

0=¢(z) +r(z)
Vi ¢/(z) 1a tit m4, nén r(z) ciing 1a tit ma, suy ra r(z) = g(x)t(z). Ma deg(r) < deg(g), v
Nguge lai néu g(z) 1a udc ctia 2"~ 1, ta sinh ra mot ma tuyén tinh gom cac tit ma q(z)g(x

)

—
<
—~
8

)
v6i deg(q) < ndeg(g). O

4.1.4 Ma héa
e Ma4 hoa thong thuong: Cho thong diép v — tir ma:
z=uG = (up +wz' + - +up_ 12" Hg(x) = u(z)g(z).
Vi du: Ma Ham(7,4) ma héa 1001 thanh 1100101 tng v6i da thitc 1 + z + z* + 25.
e M4 héa he théng: Ta viét thong diép « thanh da thic sau:
u(z) = Up— 12"+ up_oa™ 4 g™ F
Ta tinh duge r(x) 1a da thitc du clia u(z) khi chia cho g(z). Khi d6 thong diép u — tit ma:
x =u(z) —r(x)
Vi du: Ma Ham(7,4) v6i da thitc sinh g(z) = 1 + 2 + 2%, ma héa thong diep 1001 thanh 0111001 ting véi da
thitc o + 22 + 23 + 2.
4.1.5 Ma tran diéu kién
Tinh chat 14. Néu g(x) la da thic sinh ctia ma vong C' do dai n, ta goi da thiic sau la da thitc diéu kién ciia ma
z" -1
g(x)

Chitng minh. Dat H; 1a hang thi ¢ cia H, G;la hang thi i ctia G. Ta cé:

h(z) = =ho+ -+ hpz".
n—1

H1.Gi = hign—ia
i=0

Day 13 hé s6 bac n — 1 ctia hg, do d6 bang 0. Lap luan tuong ty cho cac hang khac, ta c6 Hi.GJT =0.
Ma tran H c6 n — k hang doc lap tuyén tinh, do d6 né 1a ma tran diéu kién ctia C. O
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Tinh chat 15. Ma dbi ngu ctia ma vong C la mot ma vong véi da thitc sinh 2Fh(z~1).

Meénh dé 4.6. Ma tran diéu kién ctia C' c6 dang

l‘n_lh(l‘_l) 8 h(? hk h f(L)O

n—2 —1 k- 0
g_|® h(z=%) | _ . .

a*h(z~1) he .. he O ... 0

4.2 Ma sita cum 16i

Dinh nghia 4.7. Cum 16i do dai [ 13 véc-t6 ¢ cac ki tu khac 0 ndm trong [ vi tri lién tiép theo vong tron.

Vi du 4.8. Véc-to 0011010 1a cum 156i do dai 4.

Vi du 4.9. Véc-tc 1100001 1a cum 16i do dai 3.

Tinh chat 16. Mot ma (n, k) tuyén tinh c6 thé phéat hien cum 16i do dai [ néu khong c6 tit ma nao la cum 16i c6 do
dai [.

Tinh chat 17. Néu ma (n, k) tuyén tinh C' c6 thé phéat hién cum 16i do dai , ta c6 n — k > 1.

Chiing minh. S6 cac cum 161 do dai [ véi cac vi trf khac 0 ndm trong [ vi tri dau tien I r!, va téng ciia hai cum 15i
niy ciing 1a mot cum 16i do dai I. Cac cum 16i nay thuoc cac 16p ké khac nhau, do d6 s6 phan tit nhé hon s6 syndrome
la rm—Fk. O]
Tinh chat 18. Moi mé vong (n, k) déu c6 thé phat hien cum 156i do dai n — k.

Chaing minh. Néu c¢6 mot cum 16i e(x) do dai n — k 1a tit ma, khi tinh tién vong tron e vin duge mot tit ma.
Tinh tién dén khi dugc véc-to [eg, €1, ..., en_k_1,0,...,0], day 1a da thitc ¢c6 bac nhd hon nk, tic 1a nhd hon bac clia
da thttc sinh, suy ra mau thuan. O

Tinh chat 19. Ma (n, k) tuyén tinh c6 thé stta cum 16i c6 do dai [ néu hai cum 16i do dai [ khac nhau thuoc hai l6p
ké khac nhau.

Tinh chat 20. Néu ma (n, k) tuyén tinh sita duge cum 16i do dai [, ta c6 n — k > 2.

Chiing minh. Mot cum 16i do dai 21 ¢6 thé phan tich thanh hiéu cia hai cum [ 16i. Do hai cum 156i thudc hai 16p ke
khac nhau nén hiéu ctia chung khong phai la tw ma.

Hiéu ctia 2 cum 16i do dai 2 v6i cac ki ty khac 0 ndm trong 2 ki tyr dau tién 1a mot cum 18i do dai 21, nén khong phai
tit ma, do d6 2 cum 16i do dai nay thuoc hai 16p ké khac nhau. S6 cac cum 16i nhu vay 1a 72!, do dé r? < r™~* hay
20<n—k. O

Vi du 4.10. Ma Hamming bo b6t (7,3) c¢6 thé sita duge cum 16i do dai 2.
Day 14 ma vong véi da thitc sinh g(x) = 1 + 22 + 23 + 2*. Ta c¢6 thé kiém tra tinh chét sita 16i theo dinh nghia béing
cach kiém tra céc véc-to

1100000 — 0011000 = 1111000

1100000 — 0001100 = 1101100

1100000 — 0000110 = 1100110

1100000 — 0000011 = 1100011
Khong véc-t6 nao bén trén 1a tit ma. Do d6 ma nay stta duge cum 16i do dai 2.
Tinh chat 21. Mot ma c6 thé sita cum 16i ¢6 thé tao ra bing phuong phap xen ké.

Ménh dé 4.11. Gia sit ma (n, k) tuyén tinh c6 thé sita cum [ 16i. Ta tao ma (nj, kj) bing cach lay j tit ma bat ki va
sap xép lai cac ki tir xen ké nhau.

P11 P12 --- Din
P21 P22 ... D2n
Pj1 Pj2 .- Djn
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Hé qua 4.12. Xen ké mot méa vong sé dugc mot ma vong mdi.

Chitng minh. Gia stt ma (n, k) tuyén tinh c6 thé sita cum [ 16i. Ta tao ma (nj, kj) bing cach lay j tit ma bat ki va sip

xép lai cac ki ty xen ké nhau.

— Tu cac tt ma ban daw: p; = (pi1, - - -, Pin) ta sip xép xen ké j tU ma bat ky — p(z) = (P11, P21, -+, Dj1s- -« s Pins P2ns - - - s Djn)
Dang da thuc:

p(z) = (p11 —‘rplng + ... +p1nxj("—1)) 4+t xj_l(pjl 4ot (pjnxj("_l))
j . .
=2 ')
1=1

Vi cac p;(27) chia hét cho g(27) nén p(x) chia hét cho g(27) — ma xen ké 1a ma vong véi da thitc sinh 1a g(z7). O

Vi du 4.13. Xét ma Hamming bd b6t (7,3) véi da thic sinh g(z) = 1+ o + 22 + 23

Gia st ta can truyén 2 tit ma 1110010 va 0010111. Néu ta truyén theo dang 1110010/0010111, cach lam nay chi sita
duge cum 2 16i.

Phuong phép xen ké truyén 2 tit ma nay theo dang sau: 10/10]11]/00|01|11|01.Cach lam nay sita duge cum 4 16i. Tt ma
nay thuoc ma vong (14, 6).

4.3 Giai ma vong
4.3.1 Giai ma syndrome

e V6i mdi da thitc p(z), phan du cta p(z) khi chia cho g(x) duge goi 1a da thiic syndrome.
Hai da thitc p(x) va p(z) ¢6 cung syndrome <= p(z) — ¢(x) = t(x)g(x).

e Gidi ma syndrome: Véc-to 16i sé ting véi da thiic c6 cling da thiic syndrome vé6i p(x) va ¢ trong sd nhéd nhat.

Vi du 4.14. Ma Ham(7,4) véi da thic sinh 1a g(z) = 1 + 2 + 23. Véc-to 1011001 c6 syndrome 1a x + 1.
Ta liet ké cac phan tit din ciing syndrome tuong tng, da thitc 3 14 da thic duy nhat cé syndrome 1a = + 1.
Vay bit vi tri th 4 bi 161 — 1010001
4.3.2 Giai ma Meggit

e Cach gidi ma trén can liét ke tat ca cac da thiic va tinh syndrome. Ta c6 thé giai ma hieu qui hon.

e Vi da thiic syndrome sau khi tinh tién vong tron cé thé dat dude bang cach tinh tién vong tron roéi tinh syndrome,
ta chi can quan tam dén cac da thic c6 cing mot bac.

Ménh dé 4.15. Thuat toan:
e Buéce 1:Liét ké cac da thic bac n — 1 cung syndrome ctia ching.

e Budc 2: Véi mdi bude, néu syndrome ciia véc-to c6 trong danh sach trén, da thitc d6 1a véc-to 16i sau dé ta tinh
tién ngude trd lai. Néu khong dén Bude 3.

e Budc 3: Tinh tién vong tron véc-to, vé lai Budc 2.

Vi du 4.16. Ta ciing xét vi du & trén: Cho ma Ham(7,4) véi da thiic sinh 1+2 + 23, tim bit bi 16i ctia véc-ta 1011001
Vi day la ma hamming neén ta sé chi xét da thic bac 6 14 25 v& c6 syndrome la 22 + 1.

Ta tinh véc-to 1011001 c¢6 syndrome la x+1, khi d6 ta tinh tién vong tron vec-to nay dén lic thu duge syndrome la
2241 — 3lan

Vay véc-to 16i 1a 2 — 16i tai bit thit 4 — 1010001
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4.3.3 Giai ma biang bay 16i

Giai ma Meggit: ching ta phai liét ké hét cac da thiic bac n — 1 vi tinh cidc syndrome ctia ching. Sau day giai ma
bang bay 15i sé gitip ta tdi wu hon.

e Gia st ma C stia dudc ¢ 16i v c¢6 khong qua ¢ vi tri bi sai. Néu syndrome clia véc-to c6 trong khong qua ¢, né 1a
da thiic ttng véi vée-to 16i.

e Néu 15i e 1 cum do dai n — k, c6 mot phép tinh tién vong tron khién syndrome cé trong khong qua, t.
Ménh dé 4.17. Thuat toan:
e Budc 1: tinh syndrome ctia véc-to. Néu syndrome cé trong khong qua t thi day chinh 1& véc-to 16i, con néu khong
di t6i budce 2.
e Bu6c 2: tinh tién vong tron véc-to. Quay lai buée 1.

Vi du 4.18. Ta tiép tuc xét vi du nhu 2 cach gidi ma trén: Ma Ham(7,4) v6i da thic sinh 1a g(z) = 1 + o + 2°.
Véc-to 1011001 ¢6 syndrome 1a x + 1.

Ta tinh tién vong tron dén khi thu dugc véc-to 1001101 c6 syndrome 1a 1 hay day chinh 13 véc-to 16i nén 1001101 —
0001101 do d6 tinh tién ngugc lai ta thu duge 1010001

5 Truong hitu han

5.1 Trudng hitu han
Dinh nghia 5.1. Trudng hitu han 13 truong c6 hitu han phan ti

Vi du 5.2. Cho s6 nguyeén t6 p, truong , 1a truong gom p phan ti {0,1,...,p — 1}, v6i phép cong va phép nhan lay
dong du mo dun p.

Ta sé chitng minh moi trudng hitu han déu c6 p* phan tit v6i p nguyén t6, va chi c¢6 duy nhit mot trudng cé p*
phan ti, ki hieu 1a Fp,..

5.2 Thuat toan Euclid md& rong
Cho hai da thic f, g € K. Suy ra,

1. Tim dugc ged(f, g)

2. Ton tai hai da thic u, v € K théa man
fru+gxv=ged(f,g)

Chitng minh. Khong mat tinh tong quét, deg f > deg g. Xét hai day da thiic (a,) thda man ag =f va a; = g va a,, 1a
da thitc du ctia phép chia a,, 2 cho a,—1 (v6i n geq 2)

1. Xét phuong trinh trén, c6 thé thay deg a,, < deg a, _1 , vay ton tai N théa man deg ay =0. Khi dé, néu an =0,
suy ra ged(f,g) = any_1. Ngugce lai, néu ay khac 0 thi ged(f,g) = 1.

2. Ta xét ddy (g,) théa man ¢; 1a sd thuong ctia phép chia a;_; cho a; Xét hai day da thic (u,) va (v,) thda man
ug = 1l,v9 =1
u; =0,v1 =1
Upi1l = Up_1 — Up * gpnéun > 1
Ungl = Un_1 — Up * gunéun > 1
Xét dang thiic
u;x f v kg =a; (5.1)
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Nhan thiy véi ug * f +vo*g=f =ag va ur * f +v1 * g = g = a;. Ta c6 thé gia st quy nap rang véi sé k > 1
théa man (1) dang vdi ¢ tit 1 dén k. Ta sé ching minh (1) dung véi ¢ = k + 1. That vay,

U1 * [+ Vg1 %9 = (W1 — Qe *ug) ¥ f + (Vo1 — g * 0k) % g
= (up—1*f+vk_1%g) —qn* (up x [+ v % g)
= ak—-1 — gk-ag

= Qk+1

Vay khi i =k + 1, (1) van ding. Tit d6 theo gia thiét quy nap, ta c6 dicu théa man. Chon u = ny va v = vy,
ta sé ¢6 hai da thic thoa man

O

5.3 Xay dung truong hittu han
Xét mot truong K va da thic f(z) € Klz]. Ta xét mot vanh thuong K[z]/f(x) duge dinh nghia nhu sau

1. phan tit 1a cac da thiic ¢6 ciing nhém ké trén f(z). N6i cach khéc, véi hai da thitc m(z) va n(z) chung mot vanh
thuong thi a(x) — b(x) chia hét cho f(x)

2. Phép cong va phép nhan duge thuc hién trén f(z)
Hé qua 5.3. Cac vanh thuong c6 phan t& dan la cac da thic c6 bac nhd hon deg f
Ta sé xdy dyng trudng hitu han théng qua vanh thuong. Trude hét ta c6 dinh nghia sau

Dinh nghia 5.4. Da thiic bat kha quy trén truong K[z] 1a da thiic khong thé tach thanh tich clia hai da thic bac
khac hang (deg > 1)

Vi du 5.5. Cac da thiic sau 1a bat kha quy trén trudng Fo la 22 + 2+ 1, 23 + 2+ 1, 22 + 22 +1, .. ..
Dinh ly 5.6. Néu da thic f(z) la mot da thic bat kha quy thi vanh thuong K[z]/f(z) la mot trudng.

Chaing minh. Ta can chiing minh vanh thuong nay c¢6 phan tit nghich dio.
Xét da thiic a(z) € K[z] va f(x) f a(z). Do f(x) 1a da thic bat kha quy, ta c6 ged(f,a)=1
St dung thuat toan Euclid md rong, ton tai hai da thic u(x), v(x) thoa man

ux ft+ovxa=1
Suy ra moi da thiic a(x) € K|z ton tai mot phan ti nghich ddo theo mod f(z) O

Dinh ly trén chi ra moi trudng hitu han déu c6 p* phan tit, tuong ting véi sé da thitc c6 he s6 thuoe , va c6 bac
nho6 hon k. Hon nita, ta ¢6 dinh 1y sau.

Dinh ly 5.7. V6i s6 nguyen t6 p va s6 nguyen duong k, ton tai duy nhat mot trusng c¢é p* phan ti.

5.4 CAap va phan ti& sinh

Xét q = p™, v6i p 1a mot sd nguyen t6

Xét a € FX

Ta goi cdp clia a la s6 k nho nhat théa man af=1

Ta goi mot phan tik sinh trong F* 1a phan tit c6 cap la ¢ — 1
Dinh 1y 5.8. Moi trugng hitu han IF, déu c6 phan ti sinh

Chitng minh. Xét a la phan tit trong F, c6 cap 16n nhat. Khong mat tinh tdng quét, gid sit cip ciia a la n
D& thdy n < r — 1. Ta can ching minh n > r — 1 thi ta c6 diéu phai ching minh.

B6 dé 5.9. Cép clia moi phan tit khac trong trudng déu 1a cip clia n
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Chatng minh. Xét s 14 cip clia phan t& b bat ky. Xét phan tich nguyén t6 clia s
s:pi1 *p?...
Xét phan tich cia n nhu sau
n=np «n

voipy tn'.
Diat s'= s/p}'. Ta xét mot phan ti ¢ ¢6 dang
c=aft xb*
Ta sé chiing minh ¢ c6 cip 1a m = pi' * n’. Dé chiing minh diéu nay, ta cin ching minh 2 diéu
1. =1

Ta co ) ) ) )
m tm s/m pllpt n/ s/plln/ npll Sn/ pzl TL/
A =a "™ x b =Pt P1" xp°P1 " = "1 x %" =1P1 x 1" =1

2. Néu ¢™ =1 thi m’ > m
1 — (Cnl/)n, — apimln/ * bs/m,nl — (an)m/ * bs,mln/ — bSlm/n,
Suy ra m/n’:pl', vay m’:pit ged(n’,p)=1,
Mat khéc,

’ i1

1= (™)

_ a/piplll m’ " bpil s'm/ _ apfl,plll m’ " bsm/ _ ap’fipil m!
Suy ra pipim’n, vay m:n’ (do ged(p,n')=1) Tu hai diéu trén, ta nhan thay m’:pi* xn/, tic m’:m, suy ram’ > m

Do n la cip 16n nhat =>n>m => pt xn/ > plt xn’ =>t > i) => nipl' => nis O

Quay trd lai bai toan, ta xét phuong trinh 2" — 1=0.Qua bd dé, nhan thay moi b € F, la nghiém , suy ra
n>r—1. O
5.5 Da thic tbi thiéu

Xét mot phan t1t dai s6 a ciia mé rong truong L ctia K, ton tai mot da thic f c6 bac nhé nhat théa man f(a) = 0.
Day con goi la da thic cuc tiéu ctia a. f 1a mot da thiic bat kha quy

Chitng minh. Gia st da thic f khong bat kha quy, suy ra ton tai hai da thic g va h thudc K{z] théa méan

f=gxh
Do f(a)= 0, nén thay x= a suy ra ho#c g(a)=0 hosic h(a)=0. Mat khéc, deg g, deg h < deg f nén luon ton tai mot da
thitc 1y a lam nghiém c6 bac nhé hon f ( Diéu nay 1a vo 1y do khai niém ctia da thiic cyc tiéu clia a) O

6 Ma BCH stta hai 16i
6.1 Ma BCH sita hai 16i: Mé dau
6.1.1 Dinh Nghia
Xét a 1a mot phan t cip n clia md rong trudng Fy, ta c6 ma BCH stta hai 16i 13 mot ma vong gdm céic tit ma

w thdéa man
w(a) = w(a®) =0
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6.1.2 Tinh chéit

1. Da thiic sinh
Xét M(x) va N(z) la hai da thiic ciyc tiéu cho hai phan tit @ va a®. Khi d6, da thiic sinh cia ma vong nay 13
lem(M(x), N(x))

2. Ma tran didu kien
Ma tran diéu kien H ctia ma nay sé c6 dang nhu sau:

G 1 a a%...a" D
H = [T} = [1 3 6 3(n—1)

a a ...a

V6i G 1a ma tran c6 cac vector cot la cac he s6 ctia cac phan tit thuoe Falz]/M(x) con T ma tran c6 cac vector
cot 14 he s6 cta cac phan it thuoe Fr|x]/N[x]
6.1.3 Vidu

Vi du : Xét phan tit sinh 3 trén mé rong trudng Fig c6 da thite cyc tiéu 1a G(x)= 1+ + z* Nhu vay da thic cyc tiéu
cho 32 1a T(x)= 1+ = + 22 + 2% + 2*.Suy ra ta c6 thé c6 ma tran diéu kien sau :

10001001 1010111
01 0011010111100
001001101011 110O0
H— 000100110101 111
10001 100O01T1O0O00O0T1
0 00110O0O01T1O0O0O0T1T71
001 01 00101O0O0T1O01
o 1111011110111 1]

6.2 Ma BCH stia hai 16i: Giai ma

Gia st ta nhan dugec mot ma w= w; ws..... wy, €6 vi tri 1 va j bi 16i.

6.2.1 Cac cach tim da thitc Syndrome

Xét phan ti a va ma tran tdng quat nhu dinh nghia , ta c6 hai bidu dién clia syndrome:

1. Cach 1: Xét theo vi tri cua 16i
Xét vi tri i va j bi 16i, da thic syndrome 13 ' _
e(r) ="+ 2’

2. Cach 2 : Xét theo ma tran didu kien
Xét ma tran didu kién H nhan véi ma w

w1

1 a a%...an"D we | |81
1 a® ab.. g3 " T s
wy,
Vay
S1=wy +waxa+-+w,xa® Y

S3=wi +wa*a’® 44wy xa>"Y

23



6.2.2 Giai ma

Sau khi ta c6 hai cach biéu dién da thitc syndrome, ta c6 thé giai ra theo mot hé phuong trinh hai an dé tim ra dé bai.
e(a) =5
6(&3) = 53

Qua do, ta c6
s3=a% +a® T £ 0T 4 0¥ = s34+ d'd’ sy

Suy ra .
a'al = (s‘;’ — 33)5171

Nhut vy, a’ va @’ 1a nghiém ctia phuong trinh sau

22+ 510+ 57+ 5357 =0 (6.1)

6.3 Ma BCH sita hai 16i: Thuat toan
Sau khi tinh dugc a® va a, ta c6 nhitng kha nang sau
e néu s; = a’ va s3 = a®*, sita bude i va két thic thuat toan
e néu phuong trinh (1) ¢6 2 nghiém a’ va a7, sita hai vi tri i va j

e néu phuong trinh (1) vo6 nghiém, c6 nhiéu hon hai 15i

7 Ma BCH tong quat

7.1 Dinh nghia ma BCH tdng quat

Dinh nghia 7.1. Cho mot trudng F, va sé nguyen duong n théa man ged(n,q) = 1.
Ma BCH (Bose—Chaudhuri-Hocquenghem) stta ¢ 16i v6i do dai n 1a cdc ma w € F, théa méan

w(f) =w(B?) = =w(F ) =w(B*) =0,
v6i B 1a mot phan ti bac n trong mot md rong trudng nao dé cta F,.

Vi du 7.2. Khi xét trén truong Fy véi n = 15, ¢ = 2. khi d6 néu xét 3 1a mot phan tit sinh cta Fy. Ta thu duge mot
ma (15,7) BCH stta duge 2 16i v6i ma tran diéu kien

e 14
a=(3 5 Ge)
¢8 8 x 15 hay ma tran sinh G ¢6 kich ¢6 7 x 15
Ta lai thay duge w(B) = w(B?) = w(B3) = w(B*) = 0 nén w(B) = w(B®) =0

Vi du 7.3. Xét mot ma nhi phan BCH stta 3 16i thu béi phan ti sinh 8 théa man
w(B) = w(p®) = w(p°)
Khi d6, néu M;(z) 1a da thitc toi tiéu ctia 3 thi
M(z)=a*+x+1

My(z)=a* + 2 + 2 + oz +1
Ms(z) =2 +x+1

Ta sé thu duge mé vong C c6 da thic sinh g(z) = My (z) M3(x)Ms(x) ¢6 bac 10 nén C' 1a ma vong (15,5)
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Ta ¢6 mot dinh nghia ciia ma BCH nguyén thiy

Dinh nghia 7.4. Mot ma BCH dudc goi 1a nguyén thiy néu n = ¢™ — 1 v6i m nao d6. Thudng ma nay duge tao
ti phan t 8 13 1 phan t nguyén thiy clia mot mé rong trudng ndo dé

Vi du 7.5. Xét cac ma c¢6 do dai n = 2™ — 1 nhu céc vi du bén trén. Khi d6 ma (15,7) BCH la mot ma BCH nguyén
thay

7.2 Tinh chéit

Ta c¢6 mot s6 tinh chat cia ma BCH nhu sau:

Tinh chat 22. Xét mot ma BCH C sita ¢ 16i v6i 8 € F", ¢6 bac n. Vi moi i = 1,...,2t, xét M;(z) la da thie cyc
tiéu ctia A%, Khi d6, C' 1a mot ma vong véi da thitc sinh

g(x) = lem(My(x), Ma(x),- -+, Ma(z))
Chitng minh. Ta xét mot ma w € C. Khi d6, w(B") =0V i=1,---,2t. Ta thu duge M;(z) | w(z) Vi=1,---,2t.
Do g(x) = lem(My(x), Ma(x), -+, Ma:(2)) nén g(x) | w(z) hay ma C C ma vong sinh béi g(z).
V6i méi ma duge sinh béi da thiic g(x), ta viét dusi dang w(z) = g(x)h(z). Khi d6 w(B)) =1Vi=1,---,2t.
Ta thu dugc w € C hay C chinh 1a ma vong vé6i da thic sinh g(z) O

Tinh chait 23. Ma tran diéu kién ctia ma C 1a

1 B 52 /83 Bn—l
Lop2o (B2 (B2 e (B

H=|1 p )2 @) - @)
1 ﬁ?t (521&)2 (ﬁQt)B (ﬁ2t)n71

Chiing minh. Xét mot ma w = (wowy - - - wp—1). Khi dé

wo +wi B+ wp_1 T w(B)
H.wT _ wo +w152 +...+wn71(52)n71 _ w(ﬂz)
w0+w162t+"'+wn—1(62t)n_1 w(BQt)

Néen H la ma tran diéu kién cia ma C vi w € C khi va chi khi H.wT =0 O]

Ta thu duge nhan xét sau day

Nhan xét 3. Néu 8 € F* thi H 1a ma tran 2tm x n va ta thu duge ma (n, k) v6i k = n — 2tm néu cac hang ctia H
doéc lap tuyén tinh

Tinh chat 24. Cho mot ma C 1a ma BCH sita ¢ 16i. Khi d6 wt(C) > 2t + 1.
Chitng minh. Ta nhic lai vé dinh thic Vandermonde

B& dé 7.6. Dinh thic Vandermonde: Cho mot ma tran vuong c6 kich thuée n x n

1 o a} - of!
1 ay o} -+ aof?
A=11 a3 aof - ay!
1 a, a2 .o a7t

Khi d6, dinh thic ciia A dugc tinh theo cong thiic

det(A) = H (o — )

1<i<j<n
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Tré lai bai todn, ta gid st ton tai mot ma w € C ¢6 trong < 2t. Goi wj, , Wiy, "+ ,W;,, 1a cac vi trf clia ma w thoa

mén w; =0V i # iy,49,- - ,i9. Khi d6 ta sé ching minh H.w” = 0 chi ¢c6 nghiéem 0 duy nhat

Khi ta xét 1 hang ctia H la H; khi nhan véi w?, ta thay ring két qua chi phu thuoc vao céc entries thit iy, iz, , iz
clia hang H;. Diéu nay c6 nghia la néu xét H' 1a ma tran H khi chi con clc cot iq,ia, - ,ior va w' = (wi, Wi, -+ Wy, )
thi

Huw' =0 < H.(w)T=0
ﬁil /31'2 R ﬁizt
B @ () : -
Taco H' = Y o o o 13 ma tran 2t x 2t va det(H') = det((H')T) nén néu ta chitng minh
(B (5 e (5
duge ring det((H')T) # 0 thi ta thu duge nghiém duy nhat ctia H'.(w')T = 0 1a vecto 0 hay suy ra w = 0 nén vo ly.
g (@) e (R
12 12 PN 22
oo ()7 = | 2000 O
g (g (g
det(HT) = g™ - B det(A)
1 /87:1 A (/Bil)Qt_l
61;2 - (612)2t—1 . .
veiA=| " . . Theo dinh thic Vandermonde thi det(A) = H (8 = B'™)
1 52’% L. (5i2t)2t—1 1<m<n<2t

Ma Bim # Bin ¥V.m # n vh Bim #£ 0V 1 < m < 2t nén det((H')T) # 0 hay nghiém duy nhéat cta H'.(w")T = 0
chinh 1& vecto 0 nén ta thu dugc ma w 1a vecto 0 (vo ly) O

—_

Tinh chat 25. Véi n,t bat ki, ta ¢6 thé xay dung duge mot ma BCH sita t 16i ¢6 do dai n trong mot truong hitu han
c6 sb phan t& nguyén t6 cung nhau véi n

Chiing minh. Ta c6 bd dé vé cAp nhu sau:
B6 dé 7.7. Cho truong F, va s6 nguyen duong n théa man ged(g,n) = 1. Khi d6, ton tai mot truong mé rong F7*
sao cho 3 B € F}* sao cho cap clia 8 bang n (Cap ciia § 1a n khi va chi khi " =1 va BF #£1v6i k < n)

Tir day ta c6 thé suy ra dugce cach xay dyng ma BCH d6 O
Dinh nghia 7.8. Hai ma A, B goi la tuong dudng nhau néu c6 cing 1 do dai n va o(n) 1a 1 hoén vi clia tap
(1,2,---,n) thi

w=(wiwy - wy) €A = (We(1)Wo(2) " Wo(n)) € B

Tinh chat 26. Viec chon 8 € F, v6i cip bing n sé khong anh hudng dén viéc tao ma BCH (Diéu nay c6 nghia la
néu ta lay 81 va B2 € F, v6i cap bang n thi ma tao béi 51 va Bz 1a tuong duong nhau)

Chitng minh. Ta xét 2 phan tit 8, 8" déu c6 cap la n véi 8 € Fla]/p(x), 8’ € Flz]/p'(x). Goi bac cta p(z),p'(z) lan

luot 1a an va a'n.

Ta xét mot da thitc bat kha quy g(x) ¢6 bac 1a an + a’'n. Khi d6 8,8’ € Fz]/q(x). Ton tai phan ti o € Flz]/q(x) sao
cho mot phan tit c6 cap 1a n khi va chi khi viét duge dudi dang o sao cho ged(j,n) = 1. Do dé, ta c6 thé viét g/ = B¢
v6i ¢ nao d6. Ta thu duge ged(i,n) =1

Ta sé xét mot anh xa 7 : k — ik mod n. Ta ¢6 duge 7 1a mot song dnh do ged(i,n) = 1 nén (k) quét duge
hét tw 0,1,--- ,n—1
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Ta xét ma BCH Cy sinh béi 8 va ma w = (wowy - - wp,—1) 1a mot ma € Cy. Khi dé6 w(B) = w(B?) = --- = w(B?)

n—1
Xét mot s6 z théa man w(B*) = 0. Khi do6 Zw,ﬂiz = 0. Do 7(k) 1a mot hoan vi cia 0,1,--- ,n — 1 nén ta co
i=0
n—1 ‘
thé viét lai thanh» _ we(;)8™* = 0.
i=0

n—1 n—1

Ma ﬁw(k)z _ Bikz _ (ﬁ/)kz nén 0 = Z wﬂ(i)ﬂw(i)z _ Z Wi (6/)1'2 hay w/((/@)/)z) — 0véiw = (w'fr(O)ww(l) L ww(nfl))
i=0 i=0

Vay w’ 13 mot ma thuoc ma BCH sinh béi 8’ hay 2 ma BCH sinh bdi 3, 8’ 1a tudng duong nhau O

7.3 Ma Reed-Solomon

Dinh nghia 7.9. Ma Reed-Solomon 1a mot ma BCH trén F, c6 do dai n = ¢ — 1 va sita dugc t 16i. Ta c6 thé 1y phan
tit sinh ctia F) lam §3 thi sé thoa méan tinh chat

w(f) = w(B?) = = w(B*)
Vi du 7.10. Do 3 1a mot phan tit nguyén thiiy clia Z7, ta c6 thé tao dugec mot ma Reed-Solomon stta duge 2 16i véi
do dai 6 bdi da thiic sinh
g9(z) = (z = 3)(z = 3%)(z — 3°) (2 = 3") = (¢ = 3)(z — 2)(z — 6)(z — 4)
Tinh chat 27. Da thiic sinh ctia ma Reed-Solomon 1a g(z) = (x — 8)(z — $%)--- (x — 8?*) = 0 v6i 3 la phan tii sinh

Chitng minh. Do 3 1a phan t1 sinh clia Fx nén trong Fy, ta c6 duge 2" — 1 = (z — ) (v — B2)--(xz—pBrh).

Dong thoi da thite cyc tiéu ciia 87 14 x — 3% nén ta thu duge g(x) = (z — B)(z — B?) -+ (z — B?) O
Tinh chat 28. Ma Reed-Solomon stta ¢ 16i sé c6 trong d = 2t + 1

Chaing minh. Tu tinh chét trén, ta thu duge trong ciia g(z) < 2t+1. Ma theo Tinh chat 3, ta lai thu duge wt(C) > 2t+1.
Két hop lai, ta thu duge trong ctia ma Reed-Solomon 1 2t + 1 O]

Tinh chat 29. M4 Reed-Solomon la ma xdy ra dau bing ctia rang buoc Singleton (k +d < n + 1)

Ching minh. Taco k=n—2t,d=2t+1hayk+d=n+1 O
Ta sé néi vé viec chuyén mé Reed-Solomon thanh ma nhi phan sita cum 161

Cho mot ma Reed-Solomon K stta duge ¢ 161 trén trudng Fom . Ta ¢6 thé bién cac phan tit f(a) = fo+fra+- -+ fm_1a™ !

trong truong Fom thanh 1 nhém nhi phan fofi -« fin—1. Khi d6 tit 1 ma dai n = 2™ — 1, ta thu dugc mot ma dai mn
nhu 6 Hinh

I I | | | | original word over GF(2™)

_LLLU derived binary word

Hinh 1: Chuyén méa Reed-Solomon sang dang nhi phan
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Vidu 7.11. Xét mé c6 do dai 7 trén truong Fg, ta duge da thic sinh o + ax + 22 + o®2? + 2 hay ta thu dugc ma
alala?100.

Ma o = a + 1 ting v6i 110, « ting v6i 010 nén ta thu duge ma nhi phan 21 ki tw 110/010/100/110]100]000|000

— Ta thu dugc méa (21, 6) nhi phan tit ma Reed-Solomon (7,2)

Ta thu dugc mot nhan xét

Nhan xét 4. Mot ma Reed-Solomon stra ¢ 161 trén Fom thi khi chuyén sang ma nhi phan sé thu duge 1 ma sia téi da
(t —1)m+ 1 16i lien tiép

Chitng minh. Gi sit ring ta thu dugc ma sita toi thidu (¢ — 1)m 4 2 16i lien tiép. Khi d6 néu ta xét 16i & (t — 1)m 16
lien tiép & gitta va 2 18i 2 bén thi ta thu duge ma BCH stta ¢t + 1 161 (Vo 1y)
Vay ma chi sita toi da (t — 1)m + 1 16i lien tiép O

7.4 Giii ma ma BCH téng quét
7.4.1 Vi tri 16i v danh gia 16i
Cho mot ma BCH ¢6 do dai n trén Fy stta dugc ¢ 16i. Gia st ta nhan duge vecto w ¢6 < ¢ 161. Ta tach thanh duge

w=c+e

véi e 1a vecto 161 c6 wt(e) < ¢, ¢ 1a ma thuoc BCH

Ta gid st wi(e) = p va e;,, €4, -+ ,€;, la cac vi trf # 0 clia e. Muyc tiéu ciia ching ta la can tim e;,, €y, ,€;

do

P

Dinh nghia 7.12. V6i mdi k chay tit 1 dén p, ta dat
ak =B, by = ¢,
O day ax dugc goi la vi tri 161 va by, duge goi la danh gia 16i

Ta s& tim e;,,- -+ , e, tU a1,a2, -+ ,ap,b1,b2,-++ , by bang cich

{O néu B* # a; v j
€ —

bj néudj: gk = a;

7.4.2 Da thitc vi tri 16i, da thitc danh gia 16i, va da thitc syndrome
Dinh nghia 7.13. TU a1, a2, - ,ap,b1,b2, -+ by, s; =w(B)) Vi=0,1,---,2t — 1, ta xét 3 da thc:

o(z) = H (1—-ax), wx)= Zbi H (1—a;x), s(z)=s0+s12++ -+ sy_12° "

i=1 =1 j#i

- . ) . P . )
Da thic o(z) duge goi la da thidc vi tri 16i do ta ¢6 the tim duge cac vi tri 161 a; v6i — la nghiém cta o(x),
i

con w(x) duge goi l1a da thitc danh gia 16i vi ta c6 thé tinh duge danh gia 161 b;
Tinh chéat 30. Danh gia 16i b; dugc tinh nhd cong thiic

()
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p

Chiing minh. Xét tai mot vi tri ¢ bat ki. Ta goi A;( H (1 —a;x). Khi d6 o(z) = 4;(2)(1 — a;x)
t=1, t#i
1
Ta thu duge o(z) = A;(x) (1 — a;x) + Ai(z)(—a;) hay o’ () = —a;4; < >
a a;
()
1 1 a;
Ma w () =b;A; () neén ta suy ra dudc b; = —a; O
a; a; 1
()
Tinh chat 31. w(z) = o(x)s(z) (mod z%)
Chatng minh. Ta c6 syndrome ctia w va e 1a nhuw nhau nén ta cé
si=e(B) =ei, (B") +ei,(B2) +---+e, (B7)
Do e;,,€iy, -+ ,€;, 1a cac vi tri khac 0 cia e, e;; = by, B = a; ¥j =1,2,---,p nén ta thu duge
p .
=2_bid;
j=1
Ta Tai 6 w(a) = 3 b-210) ! ™ (a1 hu d
aalcow(x)—;iliaix, T ;ax nén ta thu dugc
P 00
wla) =o(@) Y | bi Y (aw)
i=1 §=0
o P
=o(x) Z Z bialx’
7=0 =1
=o(x) Z sja?
§=0
2t—1
=0 Z sjz? (mod ')
=0
= o(z)s(z) (mod x**)
[
Tinh chat 32. deg(w(z)) < t,deg(o(z)) < t
Ching minh. Ta ¢6 deg(w(x)) =p—1 < t, deg(o(x)) =p <t O
Tinh chat 33. s(z) #0 (mod z')
Chiing minh. Gia st phan ching, s(z) =0 (mod x!) hay s =s; =--- =81 =0.Dop <t s = Zb aj nén ta
thu dugce
1 1 1 bl 51
aq as e ap b2 So
ai a3 - al ||| =]s]|=0(
R ab~! by Sp
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by 1 1 1

b2 a1 as PN ap
Ta c6 duge | bs | # 0. Ta lai ¢6 theo dinh thitc Vandermonde, det a? ai - af) = H (an —am) #0
o . . el men
by af ™ dh ap™!
by
ba
nén néu phuong trinh (%) c6 nghiem thi | b3 [ = 0 va ta thu duge diéu mau thuin O
by

7.4.3 Xay dung cac da thic 16i
Y tuéng & day la sit dung thuat toan chia Euclid dé tim o (x) va w(z)

B6 dé 7.14. (Thuat toan chia Euclid cho da thic) Ta xét ag(zr) = f(x), ai(z) = g(z), dong thoi a;_,(x) =
a;(x)q; () + a;41(x) hay ¢;(z) la thuong ctia phép chia a;—1(x) cho a;(x) nén deg(g;(z)) = deg(a;—1(x)) — deg(a;(x)).
Ta c6 deg(ag(z)) > deg(ai(x)) > -+ va sé dén lic axy1(z) = 0 hay ged(ag(x), a1(z)) = ax(x)

Ta xét 2 day da thic {u,(z)}, {v.(z)} thda man

up(x) = 0,ur(x) =1, ups1(2) = qu(@)ur(z) + up—1(x)
vo(z) = 1L,v1(x) =0, viy1(x) = qr(x)vk(x) + vp_1(T)

Tinh chat 34. f(z)v;(z) — g(x)ui(z) = (—=1)%a;(z) Vi

Chitng minh. Ta chiing minh bing nguyén 1y quy nap

V6i i = 0, ta c6 vo(x) = 1, up(z) = 0, ap(z) = f(z). Vay f(z)vo(z) — g(z)up(z) = ao(x) hay tinh chat ding
v6ii =0

V6i i =1, ta ¢6 vi(z) = 0, ui(z) = 1, ai(z) = g(x). Vay f(x)vi(z) — g(x)ui(z) = —ai(x) hay tinh chat ding
véii=1

Gia sit khdng dinh ding dén i = m, hay f(z)v;(z) — g(x)uj(x) = (=1)7a;(z) Vj = 0,1, - ,m. Ta chitng minh

F@)omi1 (@) = 9@t (@) = (~1)™ g ()

Ta c6
f@)omia () = g(@)ums1(2) = F(2)(@m (@) om(2) + vm-1(2)) = 9(2) (gm (@) um (2) + tm-1(2))
= qm(2)(f (@)om(2) — g(2)um(2)) + f(@)vm-1(2) — g(2)um-1(2)
= g (2)((=1)"am(@)) + (=1)" am-1(2)
= gm(z)am(z))
G () am(z))

Theo bé dé[T14] as1(2) = a1 (&) — (@) (@) 1En (~1)™* (71(2) = g (@)t () = (—1)" a1 ()

xT

Vay f(z)omi1(x) — g(2)ums1(z) = (=1)" ap41(x) hay khing dinh ding véi @ = m + 1. Theo nguyén 1y quy

nap, ta thu duge f(z)v;(z) — g(z)u;(x) = (=1)%a;(z) Vi O
Ta sé stt dung thuat todn chia Euclid véi f (r) = 2% va g(z) = s(x). Ta x6ét tai vi trf thit [ nhé nhat théa man
deg(a;(z)) < t hay deg(ao(z)), deg(ai(x)),---, deg(aj—1(x)) >t

Tinh chat 35. deg(uy(z)) = deg(ag(x)) — deg(ar—_1(z))
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Chatng minh. Ta ching minh bing nguyén 1y quy nap
Véi k =1, ta c6 deg(uy(z)) = 0 = deg(ap(z)) — deg(ap(x)) hay khang dinh ding véi k = 1

Véi k = 2, ta ¢6 deg(ua(x)) = deg(qi(x)) + deg(ui(z)) = deg(qi(z)) = deg(ap(x)) — deg(ai(z)) hay khang dinh
diang v6i k =2

Gia sit khang dinh ding dén k = n hay deg(u;(z)) = deg(ao(z)) — deg(a;—1(z)) Vi =1,2,--- ,n
Ta chitng minh khéng dinh ding véi k =n + 1

Ta ¢6 deg(unt1(x)) = deg(qn(x)un () + un—1(x)).

Ma deg(un—1(z)) = deg(ao(x)) — deg(an—2(z))

deg(gn(x)un(x)) = deg(gn(x)) + deg(un(x)) = deg(an—1(x)) — deg(an(z)) + deg(ao(x)) — deg(an—1(x)) = deg(ao(z)) —
deg(an(x)), dong thoi deg(an—2(x)) > deg(a,(x)) nén deg(un—1(z)) < deg(un(z)gn(z))

Vay deg(gn(2)un(z) + un—1(2)) = deg(gn()un(z)) = deg(ao(x)) — deg(an(x)) nén deg(unyi(z)) = deg(ao(z)) —
deg(ay,(x)) hay khang dinh dang v6i k =n + 1 O

w() oo ED )
ul(O) ’ ul(O)

Chitng minh. Ta goi ged(x?t, s(z)) = x¢. Ta thu duge a < t do s(x) #Z 0 (mod x?)

Tinh chat 36. o(z) =

Do 2z%'v(x) — s(z)w(z) = (=1)la;(x) nén s(z)w(z) = (—1)*ay(x) (mod z*)

Dit o(x) = w(z), w(z) = (—=1)"*a(x). Khi d6 s(z)a(z) = w(x) (mod z?), deg(@w(x)) < t. Theo tinh chat 14,
_ deg(un(x)) = deg(ap(x)) — deg(ar— (z)) = 2t — deglar1(z)). Do deg(ar(z)) > ¢ nén deg(z(x)) < 1

deg(o(x))

a6 s(x)o(z) = w(z) (mod %) 60 s(z)o(r)w(r) = w(z)w(x) (mod x2?) o B o(2) = o(o(a (mod 22
h s(z)o(z) = w(z) (mod z*) {S(I)a(x @(z) = w(z)@(x) (mod %) hay o (@)w(x) = o(@)(x) (mod =)
(Do s(x) # 0 (mod x*')

Do deg(o(x)),deg(@(x)) <t va deg(w(x)),deg(@(x)) < t nén deg(o(z)w(z)), deg(v(x)w(x)) < 2t
Ma & (z)w(z) = o(2)w(x) (mod x?') nén 7(x)w(x) = o(x)w(r)

Ta ¢6 ged(o(x),w(z)) =1 (Do o(z),w(x) khong c6 nghiém chung) nén o(z) | 7(z). Ma deg(o(z)) =t > deg(c(x)) nén
3 d e F; sao cho o(x) = do(z)
1 1 a(z)  w(x)

50w D=0 T W)

(=) ay(x)

Thay x =0,tacé 1 =do(0) nén d =
Yy () w (0)

O

7.4.4 Phuong phap téng quat
Cach gidi ma st dung thuat toan chia Euclid bao gom 5 buéc
e Budc 1: Tim da thitc syndrome s(z)
e Budc 2: Ding thuat todn Euclid mé rong dé tim ag(x), ug(x)

e Budc 3: Tim w(x) va o(x) theo cong thitc
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e Budc 4: Tatim ay, as, - - ,a, véi ~ 1a nghiém ciia da thiic o(z) va by, by, - - - , by, tit cong thiic b; = —a;
P a p

i

1<p

e Budc 5: Tim céc vecto 16ie =¢e1---e, VAtimtimadc=w — e

(2

o

f‘,_. S
U N—

Chia y 1. Doi khi viec tim nghiém ctia o(z) kha lau nén ta c6 thé sit dung ngon ngit Sage 9.3 trén CoCalc dé c6 thé

lam viéc nhanh va hiéu qua hon.

Vi du 7.15. Giai ma 001000100000000 véi ma BCH stta 2 16i v6i do dai 15

Bu6ce 1: Ta ¢6 w(z) = 22 +2°. Xét da thiic syndrome s(z) = so+s12+s922+s32% v6i s; = o'+’ (ala phan tii sinh ctia Fig)

80:0

si=a’+a%=a*(a* +1)=a’(a)=a
4(a2) — 46

6

a+a2 +a3> :a7(a10) _ al? :a2

52:a4+a12:a4(a8+1):a «
s3=a’ +a®=a%(1+a'?) =a

— s(x) = Pz + ab2? + a?a3

Bude 2: Ta thyc hién thuat toan chia Euclid mé rong véi ag(z) = 2* va ay(z) = s(z) = o®z + a®2? 4 o®x

3

e Chia ag(x) cho a;(z), ta thu duge q1(x) = a3z + a? va as(z) = a'%2? + a’x. Ta c6 deg(az(x)) < 2 nén tiép tuc

thuat toan

e Chia a;(z) cho az(z) ta thu dugce gz2(z) = @’z + o va az(x) = x. Do deg(az(z)) < 2 nén ta dimg lai. Khi dé ta

can tim ug(z)

e Ta c6 ug(x) =0, ui(r) =1, uz(z) = ¢1(x), uz(r) = uz(v)q2(v) + ui(z) = 2% + z + a'?

Buée 3: Ta thu dugce

o(z) = ZZ((g; =af2? + oz + 1
va
_ (@) o’z
w(z) = us(0)

Bude 4: Ta tim nghiém ctia o(x) = (za? — 1)(za’ — 1) 1a ap = a?,a; = o

Budc 5: Ta thu duge ma goe 1a 000000000000000
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7.5 Ung dung ciia ma BCH trong cudc sbéng

Ma BCH (63, 56) dugc st dung trong chip Field-programmable gate array (FPGA) ciia Uy ban Tu van vé He thong
Dit ligu Khong gian (CCSDS) dé lien lac trong khong gian

Ma BCH (15,7) duge dung trong ma QR. Diéu nay c6 nghia 1a néu ta input mot ma QR code nhu bén trai thi khi
truyén tin, né sé bi ma héa thanh hinh bén phai. Ta sé sit dung ma BCH (15, 7) dé dé tim ra duge ma QR code ban dau

“Introduction to the Theory of Error-Correcting Codes”. in: John Wiley Sons, Ltd, 1998. 1SBN: 9781118032749. DOI:
https://doi.org/10.1002/9781118032749. eprint: https://onlinelibrary.wiley.com/doi/pdf/10.1002/
9781118032749. URL: https://onlinelibrary.wiley.com/doi/abs/10.1002/9781118032749.

“Foundations of Coding”. in: John Wiley Sons, Ltd, 1991. 1SBN: 9781118033265. DOI: https://doi . org/10.
1002/9781118033265. eprint: https://onlinelibrary.wiley.com/doi/pdf/10.1002/9781118033265. URL:
https://onlinelibrary.wiley.com/doi/abs/10.1002/9781118033265.

Posner, E.C. Combinatorial Structures in Planetary Reconnaissance. 1968.

Arunkumar, S. and T. Kalaivani. “FPGA implementation of CCSDS BCH (63, 56) for satellite communication”. in:
2012 IEEEFE International Conference on Electronics Design, Systems and Applications (ICEDSA ). 2012, pages 248-253.
DOI: 110.1109/ICEDSA.2012.6507808.

Davide Boscaini, Simone Parisotto. QR CODE An industrial application of Code Theory. 2012. URL: http: //
simoneparisotto.com/math/misc/qrcode/qrcode.pdf.

Tai ligu
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